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Abstract. In this contribution we present a noncanonical phase-space noncommutative (NC) ex- 
q | tension of a Kantowski Sachs (KS) cosmological model to describe the interior of a Schwarzschild 

Qi black hole (BH). We evaluate the thermodynamic al quantities inside this NC Schwarzschild BH and 

compare with the well known quantities. We find that for a NCBH the temperature and entropy have 
£j} the same mass dependence as the Hawking quantities for a Schwarzschild BH. 
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^ INTRODUCTION 

. We consider a noncanonical phase-space NC extension of a Kantowski Sachs (KS) cos- 

mological model to sudy the interior of a Schwarzschild BH [1, 2]. In a Schwarzschild 
BH, for r < 2M, time and radial coordinates are interchanged (r -h- t) and space-time is 
described by the metric: 

-l 



ds J - = -\=^-lj dt z + [-f- 1 ) dr 2 + t 2 (d0 2 + sin 2 0d(p 2 ) . (1) 

Hence, it can be seen that the interior of this BH can be described by an anisotropic 
cosmological space-time, as it is the KS cosmological model [3], which in the Misner 
parametrization is given by 

ds 2 = -N 2 dt 2 + e 2 ^dr 2 + e - 2 ^(P+V (j 2 + sin 2 Qd(p i^ ^ (2) 

where Q. and /3 are scale factors, and N is the lapse function. The following identification 

for t < 2M, 

N 2 =( 2 f-lY 1 , e 2 ^ = (^-l) , e - 2 ^e- 2 ^ = t 2 , (3) 
allows for mapping the metric Eq. (2) into the metric Eq. (1). 
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Let us consider that the scale factors Q. and /3 and the corresponding conjugated 
momenta and Pp do not commute, 



i^tj +e(i + v / r : I) 2 a+ee(i + vr^)Pp 

j6,P/}] =i (l +£0(1 + v / T : I)a + £0 2 J P / 3) , 



(4) 



where 6, r\ and £ are positive constants and t, = Or] < 1 [7]. The remaining rela- 
tions vanish. In Ref. [1], the noncommutative Wheeler-deWitt (NCWDW) equation 
of a KS cosmological model was obtained and is used here to study the interior of 
a Schwarzschild BH. When £ = we recover the canonical NC relations as in Refs. 
[4, 5, 6]. To relate this NC variables with the usual commutative ones, we employ the 
following transformations [1] 



Xa c -—Pa+EQ} C , j8 



2A 
*7 



?7 



(5) 



Here, /i, A are real parameters such that (A/i) 2 — A/i + | = 0<^>2A/i = l± a/I — 
and one chooses the positive solution given the invariance of the physics on the above 
transformations [4], and 



E = 



9 



F 1 F = ~e y /T^(l + y/T^() 



(6) 



Of course, the inverse transformation can be obtained as discussed in Ref. [1]. 

The NCWDW equation is obtained considering the canonical quantization of the 
KS Hamiltonian, and the fact that the operator A = jiPp c + j^&c commutes with the 
Hamiltonian (it corresponds to a constant of motion of the classical problem), and 
writing the wave function as \j/ a (Q. c , j5 c ) = M (Q. c ) exp ^ (a — ^&cj 



[1,2] 



ti 2 M" - 48 exp 



lV3 



J" 



Q. c - 2V3E& + 



+F 2 Q.*£ 



^ + 2aF) £l 2 c l 



V30a 
0, 



-^-(£l c +FQ. 3 L )M + 



(7) 



where we consider the transformations, Eqs. (5). The dependence on /3 C has completely 
disappeared and we are left with an ordinary differential equation for & (n c ). Through 

the substitution, Q. c = fiz, J^i = ^iJ^t an d & (Q. c (z)) := <j> a (z) we obtain a second order 

linear differential equation, actually a Schrodinger-like equation: 



-*«(z)+V(z)&(z) = 0, 



(8) 
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where the potential function, V(z), reads: 

V( z ) =-(r 1 z-a) 2 -F 2 ^z 4 -2F^ 2 (riz-a)z 2 +4Sexp {-2^z-2^\i 2 Ez 2 j • (9) 

Equation (8) depends explicitly on the noncommutative parameters 0, r\, e and the 
eigenvalue a, Ay = ay. Notice that E > and that the potential, Eq. (9), has a minimum 
only if r\ ^ 0. 



THERMODYNAMICS OF NCBH 

In order to use the Feynman-Hibbs procedure to obtain the quantum correction to the 
potential Eq. (9) and to get the relevant thermodynamical quantities, we must have a 
minimum for the potential function, which is possible only when the momenta do not 
commute. Moreover, the potential function has its minimum for low values of z [2] and 
thus, can be written as: 



V(z) = -(T]z-a) 2 + 48exp 



(10) 



Following the procedure outlined in Ref. [6], we expand the exponential term in the 
potential Eq. (10) to second order in powers of the z — zo variable. The minimum zq is 
defined by the derivative of the potential function [2]. Introducing the expanded potential 
function into Eq. (8) and comparing with the Schrodinger equation of an harmonic 
oscillator we find that the NC potential is given by 

V NC {y) = 2A(B-l 2 ){y 2 + ^ . (11) 

in terms of the variable y = z — zo, where / := 77 /4v / 3 and B := 6k[(l + 2fi 2 Ezo) 2 — 
(V3/3)ii 2 E]-l 2 . 

Thus, we obtain the NC partition function, the NC internal energy of the BH and the 
NC BH temperature, 

T BH = ^(B-l 2 ), (12) 

where we have assumed that M » 1 and dropped terms proportinal to M -2 . This 
quantity is positive and for E = 0, we recover the results obatined in Ref. [6]. Thus, 
new corrections to the NC temperature are obtained when we impose the noncanonical 
algebra Eqs. (4). Furthermore, it is important to refer that we still have the same mass 
dependence of the NC temperature as in the Hawking temperature for a Schwarzschild 
BH, T B h = 1/ (SnM). In fact, the Hawking temperature is recovered 

zo = 2.26369 770 = 0.487 , (13) 

once setting 6 = 0.1, £ = 0.3 and a = 18.89. The value rjo = 0.487, can be seen as a 
reference which allows us to get the Hawking temperature, and as r\ increases, we have 
a gradual NC deformation of the Hawking temperature. 
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Finally, the NC entropy of the BH is, neglecting as before terms proportional to M 2 

asM >> 1, 

s _ Afi 

8 (6k[(l + 2n 2 Ezo) 2 - ^jU 2 £] - I 2 ) 

1 ( 3M 2 \ 

~ i ln — t • ( 14 ) 

2 \6k[(l+2^ 2 Ez ) 2 -Y^ 2E }- l2 J 

Again, for the reference value r\ = r/o, we recover the Hawking entropy, plus some 
"stringy" logarithmic correction. 



CONCLUSIONS 

In this contribution we have obtained the temperature and entropy of a Schwarzschild 
BH in a noncanonical NC phase-space. This is a generalization of the commutative, and 
the canonical phase-space NC models. We have shown that the Hawking temperture and 
entropy can be recovered for a non- vanishing value of T]o, namely rjo = 0.487. 

It is worth pointing out that one of the main features of this model is the regularization 
of the Schwarzschild singularity [1], a feature that can be extended for the KS singularity 
as well. The regularization of the two types of singularities is due to the eigenstates of 
the assymptotic behaviour of the obtained wave functions, which are square integrable, 
even when they are associated to a continuous set of eigenstates [1]. Actually, this is a 
property shared by all Hamiltonians with a potential that behaves like V(z) ~ —Kz 2+£ 
for some K, e > as z — > 00 [8]. 
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